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The hysteretic ac loss of a current-carrying conductor in which multiple superconducting strips
are polygonally arranged around a cylindrical former is theoretically investigated as a model of
superconducting cables. Using the critical state model, we analytically derive the ac loss Qn of a
total of n strips. The normalized loss Qn/Q1 is determined by the number of strips n and the ratio
of the strip width 2w to the diameter 2R of the cylindrical former. When n≫ 1 and w/R≪ 1, the
behavior of Qn is similar to that of an infinite array of coplanar strips.
PACS numbers: 74.25.Nf, 74.25.Sv, 84.71.Mn, 84.71.Fk
High-temperature superconducting wires have strip ge-
ometry, and in superconducting power transmission ca-
bles, the wires are polygonally arranged around a cylin-
drical former. Hysteretic ac loss is a critical parame-
ter of superconducting wires used in these power cables.
The hysteretic ac loss of a single isolated superconduct-
ing strip carrying an ac transport current Q1 was theo-
retically investigated by Norris1 on the basis of the criti-
cal state model.2 Because superconducting cables contain
multiple superconducting wires, the electromagnetic in-
teraction among those wires must be taken into account.
Numerical calculation of ac losses of superconducting ca-
bles has been extensively reported,3,4,5,6,7,8,9,10,11 but no
analytical investigation has been reported to date.
In the present letter, we consider polygonally arranged
superconducting strips that carry ac transport current
as a model of power transmission cables with single-layer
structure. On the basis of the critical state model, we
then derive analytical expressions of hysteretic ac losses
in polygonally arranged strips.
We consider superconducting strips that have infinite
length along the z axis, and have flat rectangular cross
sections (2w×d) in the xy plane. These strips are polyg-
onally arranged around a cylindrical former of radius R,
as shown in Fig. 1. The thickness d of each strip is
much smaller than the width 2w, and the critical cur-
rent density jc is assumed to be uniform and constant
as in the Bean model.2 In such two-dimensional geom-
etry, the current density has only a z component and
the magnetic field has x and y components. We in-
troduce the complex magnetic field,12,13,14,15,16,17,18,19,20
H(ζ) = Hy(x, y)+iHx(x, y), as a function of the complex
variable, ζ = x+ iy.
First, we consider the complex field for polygonally ar-
ranged strips carrying a transport current I0. The com-
plex field H(ζ) in the ideal Meissner state is obtained by
the conformal mapping as follows:
H(ζ) = I0
2π
nηn−1
ηn − γn , (1)
where the relationship between the complex variables, ζ
and η, is given by
ζ =
∫ η
0
dη0
ηn0 − γn√
(ηn0 − αn)(ηn0 − βn)
. (2)
The real positive parameters, α, β, and γ (where α >
γ > β > 0), are determined by solving
R =
∫ β
0
du
γn − un√
(αn − un)(βn − un) , (3)
w =
∫ γ
β
du
γn − un√
(αn − un)(un − βn) , (4)
w =
∫ α
γ
du
un − γn√
(αn − un)(un − βn) . (5)
The mapping region in the ζ plane and that in the η
plane are shown in Fig. 2.
Near the edge of a strip at (x, y) = (R,w) (i.e., ζ ≃
FIG. 1: (Color online) Configuration of polygonally arranged
strips, in which n strips of width 2w are periodically arranged
around a cylindrical former of radius R. Parameters, n, w,
and R, must satisfy w/R < tan(π/n) to avoid intersection of
the strips. Figure shows n = 8 as an example.
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FIG. 2: (Color online) Two complex planes for the conformal
mapping given by Eq. (2): (a) ζ = x + iy plane and (b)
η plane. The region 0 < arg(ζ) < 2π/n with two cuts of
length w in the ζ plane is mapped onto the wedge-shaped
region of 0 < arg(η) < 2π/n in the η plane. Points ζ = ζk
[where ζ0 = 0, ζ2 = (R + ǫ)e
2pii/n, ζ3 = (R − iw)e
2pii/n,
ζ4 = (R− ǫ)e
2pii/n, ζ5 = R− ǫ, ζ6 = R + iw, ζ7 = R + ǫ, and
ǫ→ +0 is the positive infinitesimal] are respectively mapped
onto points η = ηk [where η0 = 0, η2 = αe
2pii/n, η3 = γe
2pii/n,
η4 = βe
2pii/n, η5 = β, η6 = γ, and η7 = α].
R+ iw and η ≃ γ), Eqs. (1) and (2) are reduced to
H(ζ) ≃ I0
2π
1
η − γ , (6)
ζ − (R + iw) ≃ −i nγ
n−1(η − γ)2
2
√
(αn − γn)(γn − βn) , (7)
respectively. Elimination of η in Eqs. (6) and (7) yields
H(ζ) ≃ −iϕ0√
i(R− ζ)− w, (8)
where
ϕ0 =
I0
2π
√
nγn−1
2
√
(αn − γn)(γn − βn) . (9)
Equation (8) shows that the sheet current Kz(y) defined
as Hy(R+ ǫ, y)−Hy(R− ǫ, y), where ǫ→ +0, is given by
Kz(y) ≃ 2ϕ0/√w − y and that the perpendicular mag-
netic field is given by Hx(R, y) ≃ −ϕ0/
√
y − w.
Next, we consider the hysteretic ac loss Qn of polyg-
onally arranged strips carrying an ac transport current
I0 cosωt with small amplitude I0 ≪ Ic = 2wdjc, where
jc is the constant critical current density.
2 As shown in
Ref. 21, when I0 ≪ Ic, the ac losses of superconducting
strips are directly obtained from the behavior of the mag-
netic field near the edges of the strip in the ideal Meiss-
ner state, as in Eqs. (8) and (9). The ac loss at the edge
(x, y) = (R,w) is given by21 q0 = (4π
3/3)µ0|ϕ0|4/(jcd)2,
where ϕ0 is given by Eq. (9). The total ac loss per
unit length of polygonally arranged strips is given by
Qn = 2nq0, where the factor 2n is the number of edges
of the strips. The normalized loss Qn(I0)/Q1(I0) for
I0 ≪ Ic is given by
Qn(I0)
Q1(I0)
=
n3w2γ2n−2
(αn − γn)(γn − βn) , (10)
where Q1 is the ac loss of a single strip
1 for I0 ≪ Ic and
is expressed as
Q1(I0) =
µ0
6π
I40
I2c
(11)
The right-hand side of Eq. (10) is independent of I0,
and is generally expressed as a function of n and w/R.
For n = 1, Eqs. (3)–(5) yield α =
√
w2 +R2 + w,
β =
√
w2 +R2 − w, and γ = √w2 +R2, and the right-
hand side of Eq. (10) is reduced to 1, as expected. For
nw/R ≪ 1, then α ≃ R + w, β ≃ R − w, γ ≃ R, and
Qn/Q1 ≃ n.
Figures 3(a) and 3(b) show plots of the right-hand side
of Eq. (10) as a function of w/R. As mentioned in the
preceding paragraph,Qn/Q1 ≃ n for nw/R≪ 1, because
interaction among multiple strips can be neglected when
nw/R ≪ 1. Although n = 2 strips corresponds to two
stacked strips, Q2 monotonically increases with increas-
ing w/R. For n = 3 or 4, Qn nonmonotonically depends
on w/R, whereas for n ≥ 5, Qn decreases with increas-
ing w/R and is less than nQ1. When w/R → tan(π/n),
Qn vanishes, because the edges of neighboring strips ap-
proach each other (i.e., the gap between strips approaches
zero) and thus the magnetic field component perpendic-
ular to the strips cancels out. Note that such behavior of
Qn → 0 for w/R → tan(π/n) is valid only for the thin-
strip limit (i.e., d/2w → 0) and for the small-current
limit (i.e., I0/Ic → 0). If finite d or finite I0 is taken
into account, then Qn is finite even when the edges of
the strips approach each other. (The case where I0 = Ic
is discussed later.)
As shown in Fig. 3(b), the dependence of the ac
loss of polygonally arranged strips on the strip config-
uration is clearly revealed by the plots of Qn/nQ1 vs
(w/R) cot(π/n). The curves in Fig. 3(b) converge to the
dotted line at n → ∞, and the dotted line is simply ex-
pressed by
lim
n→∞
Qn
nQ1
=
(nw
2R
)2
cot2
(nw
2R
)
, (12)
which is derived from Eq. (10) with n≫ 1 and w/R≪ 1.
Note that Eq. (12) is similar to the ac loss of a coplanar
array of infinite strips,22,23 as follows. The ac loss of each
strip Qarray in an infinite array of coplanar strips is given
by22
Qarray =
µ0
π
I20
∫ 1
0
ds(1− 2s) ln
[
1− tan
2(s θI0/Ic)
tan2 θ
]
,
(13)
where θ = πw/L and L is the periodicity of the coplanar
array. Equation (13) is valid for 0 ≤ I0 ≤ Ic, and Qarray
for I0 ≪ Ic is reduced to
Qarray
Q1
≃
(πw
L
)2
cot2
(πw
L
)
, (14)
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FIG. 3: (Color online) Normalized ac loss Qn/Q1 as a function of width-diameter ratio w/R for n = 2, 3, 4, 5, 8, 20 (solid lines),
and n → ∞ (dotted line): (a) Qn/Q1 vs w/R for I0 ≪ Ic, (b) Qn/nQ1 vs (w/R) cot(π/n) for I0 ≪ Ic, and (c) Qn/nQ1 vs
(w/R) cot(π/n) for I0 = Ic.
where Q1 is given by Eq. (11). The comparison be-
tween Eqs. (12) and (14) reveals that polygonally ar-
ranged strips for n ≫ 1 and w/R ≪ 1 can be regarded
as an infinite array of coplanar strips with periodicity
L = 2πR/n.
Equations (10), (11), (12), and (14) are valid for the
small current limit I0 ≪ Ic. The hysteretic ac loss Qn of
polygonally arranged strips at I0 = Ic, on the other hand,
can be calculated from the geometric-mean distance of
the strips1 as follows:
Qn(Ic)
µ0I2c
=
n
2πw2
×
∫ +w
−w
du
∫ +w
−w
dv ln
[∣∣∣∣ (R + iu)n − (R+ iv)nRn − (R+ iv)n
∣∣∣∣
]
. (15)
Figure 3(c) shows Qn(Ic)/nQ1(Ic) vs (w/R) cot(π/n),
where Q1(Ic) = µ0I
2
c (2 ln 2− 1)/π is the ac loss of a sin-
gle isolated strip1 at I0 = Ic. The fundamental difference
between Fig. 3(b) for I0 ≪ Ic and Fig. 3(c) for I0 = Ic is
the behavior of Qn for w/R → tan(π/n); even when the
edges of neighboring strips approach each other, Qn of
polygonally arranged strips at I0 = Ic does not decrease
significantly. The Qn for I0 <∼ Ic can be reduced by us-
ing many narrow strips (i.e., n ≫ 1 and w/R ≪ 1) and
by arranging the strips so that the edges of neighboring
strips approach each other [i.e., w/R→ tan(π/n)].
In summary, we theoretically investigated the hys-
teretic ac loss Qn of polygonally arranged superconduct-
ing strips. The Qn is a function of current amplitude I0,
number of strips n, and the ratio of the strip width to the
diameter of the cylindrical former w/R. For small cur-
rent limit of I0 ≪ Ic, the Qn is given by Eq. (10), and the
normalized loss Qn/Q1 is determined by the strip config-
uration (i.e., n and w/R). For I0 = Ic, the Qn is given
by Eq. (15). Plots of Qn/nQ1 vs (w/R) cot(π/n), as in
Figs. 3(b) and 3(c), reveal the effects of the strip configu-
ration on Qn. The Qn of polygonally arranged strips for
n ≫ 1, w/R ≪ 1, and I0 ≪ Ic is given by Eq. (12), and
is similar to that of an infinite array of coplanar strips
that have periodicity L = 2πR/n.
The authors thank M. Furuse and H. Yamasaki for
stimulating discussions.
1 W. T. Norris, J. Phys. D 3, 489 (1970).
2 C. P. Bean, Phys. Rev. Lett. 8, 250 (1962); Rev. Mod. Phys.
36, 31 (1964).
3 R. Inada, Y. Nakamura, A. Oota, T. Fukunaga, P. Zhang, Phys-
ica C 412-414, 1148 (2004).
4 S. Sato and N. Amemiya, Physica C 432, 215 (2005).
5 R. Inada, Y. Nakamura, A. Oota, and T. Fukunaga, IEEE
Trans. Appl. Supercond. 15, 2871 (2005).
6 R. Inada, Y. Nakamura, A. Oota, and T. Fukunaga, Physica C
426-431, 1309 (2005).
7 B. Klincˇok and F. Go¨mo¨ry, J. Phys. Conf. Ser. 43, 897 (2006).
8 S. Fukui, R. Kojima, J. Ogawa, M. Yamaguchi, T. Sato, and O.
Tsukamoto, IEEE Trans. Appl. Supercond. 16, 143 (2006).
9 S. Sato and N. Amemiya, IEEE Trans. Appl. Supercond. 16,
127 (2006).
10 R. Inada, Y. Nalamura, and A. Oota, Physica C 442, 139
(2006).
11 K. Kajikawa, Y. Mawatari, Y. Iiyama, T. Hayashi, K. Enpuku,
K. Funaki, M. Furuse, and S. Fuchino, Physica C 445-448, 1058
(2006).
12 R. A. Beth, J. Appl. Phys. 37, 2568 (1966).
13 J. R. Clem, R. P. Huebener, and D. E. Gallus, J. Low Temp.
Phys. 12, 449 (1973).
14 E. Zeldov, A. I. Larkin, V. B. Geshkenbein, M. Konczykowski,
D. Majer, B. Khaykovich, V. M. Vinokur, and H. Shtrikman,
Phys. Rev. Lett. 73, 1428 (1994).
15 Y. Mawatari and J. R. Clem, Phys. Rev. Lett. 86, 2870 (2001).
16 A. A. Babaei Brojeny, Y. Mawatari, M. Benkraouda, and J. R.
Clem, Supercond. Sci. Technol. 15, 1454 (2002).
17 E. B. Sonin, Phys. Rev. B 66, 136501 (2002).
18 Y. Mawatari and J. R. Clem, Phys. Rev. B 68, 024505 (2003).
19 Y. Mawatari and J. R. Clem, Phys. Rev. B 74, 144523 (2006).
20 J. R. Clem and Y. Mawatari, Phys. Rev. B 74, 214505 (2006).
21 Y. Mawatari and K. Kajikawa, Appl. Phys. Lett. 88, 092503
(2006); Appl. Phys. Lett. 90, 022506 (2007).
22 Y. Mawatari, in Advances in Superconductivity IX edited by S.
Nakajima and M. Murakami (Springer, Tokyo, 1997), p 575.
23 K.-H. Mu¨ller, Physica C 289, 123 (1997).
